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A novel and accurate finite volume method has been presented to solve the shallow water
equations on unstructured grid in plane geometry. In addition to the volume integrated
average (VIA moment) for each mesh cell, the point values (PV moment) defined on cell
boundary are also treated as the model variables. The volume integrated average is
updated via a finite volume formulation, and thus is numerically conserved, while the point
value is computed by a point-wise Riemann solver. The cell-wise local interpolation recon-
struction is built based on both the VIA and the PV moments, which results in a scheme of
almost third order accuracy. Efforts have also been made to formulate the source term of
the bottom topography in a way to balance the numerical flux function to satisfy the so-
called C-property. The proposed numerical model is validated by numerical tests in com-
parison with other methods reported in the literature.

� 2010 Elsevier Inc. All rights reserved.
1. Introduction

Shallow water equations find a wide range of applications in hydraulic and coastal engineering. Due to the strong non-
linearity associated with free surface in nature, it is hard to obtain the analytical solutions to the shallow water equations
except in rare simplified cases. Thus, computation turns up as an indispensable approach in the related fields. Numerical
techniques of shallow water model have been devoted a lot of efforts so far, and as a consequence, many numerical models
have been developed for scientific researches and engineering applications. In real case simulations, unstructured mesh (or
grid) is getting more and more popular in the community to represent the complex geometries of river bank and coastal line.

Conventional finite volume shock-capturing method with unstructured mesh has been proved successful in solving shal-
low water equations with complex geometrical boundary. Zhao et al. [44] used the finite volume method (FVM) with Osher’s
scheme to solve the local 1D Riemann problem across the boundary of unstructured mesh element that is either triangular or
quadrilateral. A first-order formulation was built using a cell-averaged piece-wise constant reconstruction. Wang and Liu
[33] blended two central schemes, i.e. Lax-Wendroff scheme and Lax-Friedrich scheme to get a stable and efficient formu-
lation on triangular meshes. FVMs of second-order accuracy for shallow water model based on flux-vector splitting and flux-
difference splitting were reported in Anastasiuo and Chan [2], Burguete and Navarro [7], Lin et al. [23] and Brufau et al. [6].
Erduran et al. [11] evaluated and reviewed some existing approximate Riemann solvers for shallow water equations.

More recently, high-order schemes using local reconstructions, which are well suitable for building high-order numerical
models on unstructured grids, have drawn great attention of researchers, and numerical techniques of this sort, such as
. All rights reserved.
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discontinuous Galerkin (DG) method [12,3,41,15] and spectral volume (SV) method [9] have been implemented in solving
shallow water equations.

Different from other existing schemes, a new type method, namely Constrained Interpolated Profile/Multi-Moment Finite
Volume Method or shortly CIP/MM FVM, has been recently developed. The basic idea of the CIP/MM FVM is to make use of
the cell-averaged value and the point value or even other kinds of discretized quantities simultaneously as the model vari-
ables (unknowns) which need to be memorized and predicted at every time step. The method has been implemented in dif-
ferent forms to compute various fluid flows [34–37,19]. Having different moments defined over a compact stencil (in fact the
reconstruction can be built over single cell in most cases), a multi-moment finite volume method can be easily extended to
unstructured grid. Ii et al. [18] devised a 4th-order scheme for scalar transport equation on a triangular unstructured grid
using a semi-Lagrangian updating procedure.

The multi-moment FVM has also been implemented to shallow water equations in structured grids. Akoh et al. [1] used a
semi-Lagrangian solution procedure to compute the point values located on the cell boundary based on the characteristic
theory of the shallow water equations, and the topographic source term is formulated in balance to the numerical flux to
satisfy the so-called C-property. Chen and Xiao [8] updated the point values at cell boundary using point-wise Riemann sol-
ver given the multi-moment reconstructions based on both cell-averaged value and point value. A global shallow water
model has been constructed on a cubed spherical coordinate generated from a gnomonic projection.

In this paper, we propose a new numerical model for shallow water equations on unstructured mesh using the multi-mo-
ment concept and the point-wise Riemann solver. In the current model, we define two kinds of moments, i.e. volume inte-
grated average (VIA) and point values (PVs), and treat them as the model variables to be predicted at every time step. The VIA
moments are computed through a finite volume formulation of flux form, while the PVs are updated by solving the local
Riemann problems in terms of the derivatives at points on the cell boundary. Moreover, the numerical formulation is devised
so that the source terms are well balanced to the fluxes on the discretized level for both VIA and PV moments.

The paper is organized as follows. In Section 2, we describe at first the multi-moment finite volume formulation with local
approximate Riemann solver to update the PVs for one dimensional hyperbolic equation. Then the formulation of two
dimensions are extended to unstructured triangular grid. The formulation of shallow water equations is presented in Section
3 with details. Section 4 gives numerical results including some widely used benchmark tests to evaluate the proposed
method from various aspects, particularly on the convergence rate (order of accuracy), the capability in capturing discontin-
uous wave fronts, as well as the computation of flows with irregular bottom topography. Finally, we end up with some con-
cluding remarks in Section 5.
2. Multi-moment finite volume method

2.1. Basic formulation in one dimension

In this section, we describe the numerical formulation of the multi-moment finite volume method for the one dimen-
sional hyperbolic equation as follows:
@q
@t
þ @FðqÞ

@x
¼ 0; ð2:1Þ
where qðx; tÞ is the conservative variable and Fðqðx; tÞÞ the flux function.
Assuming that the computational domain is partitioned into I mesh cells, the ith cell is bounded by ½xi�1=2; xiþ1=2� with

i ¼ 1;2; . . . ; I. In this paper, we define the following two kinds of moments for qðx; tÞ, and treat them as the model variables
independently.

� VIA (volume integrated average) :
V qiðtÞ �
1

Dxi

Z xiþ1=2

xi�1=2

qðx; tÞdx; ð2:2Þ
� PV (point value) :
Pqiþ1
2
ðtÞ � qðxiþ1

2
; tÞ; ð2:3Þ
where Dxi ¼ xiþ1=2 � xi�1=2 denotes the grid size and Fig. 1 shows the location of moments.

Using multiple moments allows us to construct the high-order interpolation function with a single cell[28,42,38,39]. To
remove the numerical oscillations associating the discontinuous solutions, we adopt the cubic interpolation function previ-
ously used in the CIP-Conservative Semi-Lagrangian with cubic polynomial (CIP-CSL3) scheme [38]. The one dimensional
piecewise cubic interpolation function on cell i is given by
QiðxÞ ¼ a3ðx� xi�1
2
Þ3 þ a2ðx� xi�1

2
Þ2 þ a1ðx� xi�1

2
Þ þ a0: ð2:4Þ



Fig. 1. The definition of moments on 1D cell i.
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In order to determine the set of coefficients a0; . . . ; a3 uniquely, we need four constrained conditions for each cell stencil. The
CIP-CSL3 type scheme uses two PVs at the cell boundaries, one VIA over the cell and the first order derivative di at the cell
center as the constraints,
Qiðxi�1
2
Þ ¼ a0 ¼ Pqi�1

2
;

Qiðxiþ1
2
Þ ¼ a3ðDxiÞ3 þ a2ðDxiÞ2 þ a1Dxi þ a0 ¼ Pqiþ1

2
;

1
Dxi

R x
iþ1

2
x

i�1
2

QiðxÞdx ¼ 1
4 a3ðDxiÞ3 þ 1

3 a2ðDxiÞ2 þ 1
2 a1Dxi þ a0 ¼ V qi;

dQiðxÞ
dx

���
x¼xi

¼ 3
4 a3ðDxiÞ2 þ a2Dxi þ a1 ¼ di:

8>>>>>>>><
>>>>>>>>:

ð2:5Þ
The first-order derivatives di is not a prognostic variable but approximated from PV and VIA moments [38], and serves as a
parameter to control the interpolation function and remove numerical oscillations. Some choices of di for practical use can be
found in [38]. It is straightforward that if we use a second-order approximation for di simply from a central differencing of
cell boundary point values P/i�1=2 and P/iþ1=2 of cell i,
di ¼
P/iþ1

2
� P/i�1

2

Dxi
; ð2:6Þ
the coefficient of the third-order term in (2.4) will vanish, and the cubic interpolation function becomes a quadratic one. In
this case one can get a third order accuracy. More importantly, the first order derivative at the cell center di can effectively
work as a slope limiter to control the numerical oscillations in the solution. We in the present work use a formula widely
adopted in other high resolution schemes [29,10],
di ¼
minðjrlj; jrcj; jrrjÞ; if rl � rr > 0
0; otherwise;

�
ð2:7Þ
where
rl ¼
ðV qi � V qi�1Þ
ðxi � xi�1Þ

; rc ¼
ðPqiþ1

2
� Pqi�1

2
Þ

ðxiþ1
2
� xi�1

2
Þ and rr ¼

ðV qiþ1 � V qiÞ
ðxiþ1 � xiÞ

:

As can be seen from the numerical results, (2.7) effectively suppresses numerical oscillations around discontinuities of
water front. Shown in [36], parameter di can be also used to reduce the numerical diffusion error, and thus to steepen a gra-
dient in numerical solution.

We should note here two major features of the multi-moment finite volume formulation presented in this paper that dif-
fer substantially from other methods in controlling numerical oscillations. (1) The slope limiter is incorporated into the
piece-wise cubic reconstruction function as a constraint, whereas in other methods the interpolation function is usually de-
graded to a linear function with the slope calculated from a limiting procedure. (2) The point value (PV moment) at the cell
boundary remains continuous, not like in the other schemes where the values at the two sides of the cell boundary are usu-
ally broken. In this sense, the present method employs a ‘‘soft” limiting projection for enhancing the numerical monotonicity
compared to those used in most existing methods. Nevertheless, this simple limiting effectively removes the spurious
numerical oscillations as will be shown in the numerical test section.

From (2.5), the coefficients read
a0 ¼ Pqi�1
2
;

a1 ¼
2 3V qi � 3Pqi�1

2
þ Dxidi

� �
Dxi

;

a2 ¼
3 �2V qi � Pqiþ1

2
þ 3Pqi�1

2
þ 2Dxidi

� �
Dx2

i

;

a3 ¼
4 Pqiþ1

2
� Pqi�1

2
� Dxidi

� �
Dx3

i

:

ð2:8Þ
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In the scheme based on the multi-moment concept, different moments can be temporally updated by different ap-
proaches. In the present formulation, the PVs, which need not to be rigorously conserved, are updated by solving the local
Riemann problems in terms of the derivatives of flux function at each discrete point. On the other hand, the VIA is updated by
the finite volume formulation of flux-form to maintain the numerical conservation. As discussed later, the numerical fluxes
are computed by using the PVs readily updated on the boundary of the control volume.

In practice, the semi-discretized evolution equations for updating PV and VIA moments, defined by (2.2) and (2.3), are
derived from (2.1) as,

� PV:
dPqiþ1
2

dt
¼ �@xF iþ1

2
; ð2:9Þ
� VIA:
dV qi

dt
¼ � 1

Dxi
F iþ1

2
� F i�1

2

� �
; ð2:10Þ
where F ¼ FðqÞ and @xF ¼ @FðqÞ=@x denote the consistent numerical formulations for the flux function and its first-order
derivative, respectively.

The interpolation reconstruction is carried out piece-wisely with (2.4). It is obvious that the interpolation functions over
two neighboring cells share the same point value at the cell boundary, i.e.
Qi xiþ1
2

� �
¼ Qiþ1 xiþ1

2

� �
¼ Pqiþ1

2
: ð2:11Þ
The first order derivative at cell boundary, however, may not be continuous. Here, we denote the first order derivative of
the state variable on the left side of cell boundary xiþ1=2 as @xq�iþ1=2 and that on the right side as @xqþiþ1=2, respectively. The
derivative of the state variable at cell boundary is then written as,
@xq xiþ1
2

� �
¼

@xq�
iþ1

2
if x < xiþ1

2
;

@xqþ
iþ1

2
if x > xiþ1

2
;

8<
: ð2:12Þ
where @xq�iþ1=2 and @xqþiþ1=2 are computed from the two neighboring piecewise reconstructions QðxÞ separately by
@xq�iþ1
2
¼ @QiðxÞ

@x

����
x

iþ1
2

and @xqþ
iþ1

2
¼ @Qiþ1ðxÞ

@x

����
x

iþ1
2

: ð2:13Þ
The numerical formulation required in (2.9) for updating the PV moment is then computed by the following LLF (local
Lax-Friedrichs) approximate Riemann solver [27],
@xF iþ1
2
¼ 1

2
@xF @xq�iþ1

2

� �
þ @xF @xqþ

iþ1
2

� �
� aiþ1

2
@xqþ

iþ1
2
� @xq�iþ1

2

� �n o
; ð2:14Þ
where @xFð@xq�iþ1=2Þ denote the first order derivatives of the flux function computed from the values obtained by (2.13), and
aiþ1=2 ¼ ð@F=@qÞiþ1=2 is the largest eigen value computed by the PVs defined at the cell boundary. A more robust alternative is
to specify aiþ1=2 as the largest eigen value of ð@F=@qÞ in the two neighboring cells ½xi�1=2; xiþ1=2� and ½xiþ1=2; xiþ3=2�.

With the PV moments at cell boundary Pqiþ1
2

updated by (2.9), the numerical flux in (2.10) can be directly obtained by
F iþ1

2
¼ F Pqiþ1

2

� �
, which does not require the numerical procedure for solving the Riemann problem and is thus computation-

ally efficient.
Given the spatial discretizations of @xF iþ1

2
and F iþ1

2
, we use the third-order TVD (Total Variation Diminishing) Runge-Kutta

method [26] to solve the semi-discretized system, (2.9) and (2.10). The time integration for PVs is then computed by
Pqh0i
iþ1

2
� Pqn

iþ1
2
;

Pqh1i
iþ1

2
¼ Pqh0i

iþ1
2
� @xFh0iiþ1

2
Dt;

Pqh2i
iþ1

2
¼ 3

4
Pqh0i

iþ1
2
þ 1

4
Pqh1i

iþ1
2
� 1

4
@xFh1iiþ1

2
Dt;

Pqh3i
iþ1

2
¼ 1

3
Pqh0i

iþ1
2
þ 2

3
Pqh2i

iþ1
2
� 2

3
@xFh2iiþ1

2
Dt;

Pqnþ1
iþ1

2
¼ Pqh3i

iþ1
2
;

ð2:15Þ
where Pqhli (with l ¼ 0;1;2;3) denotes the PVs at the lth Runge-Kutta sub-step and @xFhli the corresponding numerical flux in
terms of the derivatives computed by the piecewise reconstructions given above.
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Likewise, the time integration for VIA is computed by
V qh0ii � V qn
i ;

V qh1ii ¼ V qh0ii �
1

Dxi
Fh0i

iþ1
2
� Fh0i

i�1
2

� �
Dt;

V qh2ii ¼
3
4

V qh0ii þ
1
4

V qh1ii �
1
4

1
Dxi

Fh1i
iþ1

2
� Fh1i

i�1
2

� �
Dt;

V qh3ii ¼
1
3

V qh0ii þ
2
3

V qh2ii �
2
3

1
Dxi

Fh2i
iþ1

2
� Fh2i

i�1
2

� �
Dt;

V qnþ1
i ¼ V qh3ii ;

ð2:16Þ
where V qhli (with l ¼ 0;1;2;3) stands for the VIA at the lth Runge-Kutta sub-step and Fhli the numerical flux computed di-
rectly from the PV moment ðPqhliÞ at cell boundary.

2.2. Some remarks

When the multi-moment reconstruction (2.4) and (2.8) has been built, the PV moment can be updated by either a semi-
Lagrangian procedure [19,1] or a complete Eulerian approach with the point-wise Riemann solver, like (2.9) for example. We
have shown in [19] that a parabolic reconstruction (CIP-CSL2 [42] ) combined with a third order Runge-Kutta time marching
scheme gives third order accuracy in both space and time. As discussed previously, in the present work we devise a multi-
moment spatial discretization at first to get a semi-discretized system, i.e. (2.9) and (2.10), and then use the Runge-Kutta
time integration scheme (2.15) and (2.16) to update the unknowns as other high resolution schemes where DG or high order
finite volume methods, for example, are used as their building block of the spatial discretization. So, it is obvious that the
numerical accuracy of the present method is determined by the multi-moment discretization in space and the Runge-Kutta
scheme in time. By separating the numerical treatments of space and time as a Eulerian approach, the numerical formulation
presented in this paper is more easy to use, especially in multi-dimensional case. As will be shown later, the present formu-
lation can obtain a third order accuracy on unstructured triangular mesh.

The present formulation also provides the user great flexibility and freedom to choose other existing schemes for the
derivative Riemann problem and time integration as the building blocks. In this sense, one can build a model by using
the multi-moment formulation as part of his numerical recipe.

Concerning the computational efficiency, we address two major advantages that make the present method more favor-
able. (1) The PV moment is located at the cell boundary and thus shared by the two neighboring cells, so a multi-moment
finite volume formulation requires less unknowns (degrees of freedom) compared to other methods of the same order in
which the unknowns are defined inside each cell separately, and (2) our numerical tests show that the maximum allowable
CFL number for computational stability of present method is 0.411, which is larger compared to the third order schemes of
DG and SV methods reported in [43]. These advantages are more significant in multi-dimensions.

2.3. Formulation on unstructured triangular grid

In this section, we describe the implementation of the multi-moment finite volume formulation on unstructured trian-
gular grid. We first consider a two dimensional scalar hyperbolic conservation law given by
@q
@t
þ @FðqÞ

@x
þ @GðqÞ

@y
¼ 0; ð2:17Þ
where FðqÞ and GðqÞ denote the flux functions of hyperbolicity in x and y-directions, respectively.
For triangular cell i, we define its vertexes as v ij � ðxij; yijÞ; ðj ¼ 1;2;3Þ and boundary lines as li1 ¼ v i2v i3; li2 ¼

v i3v i1; li3 ¼ v i1v i2. We denote the outward normal unit vector of boundary line segment lij; j ¼ 1;2;3, by
nij ¼ ðnxij;nyijÞ ¼ nxijex þ nyijey, where ex and ey are the unit vectors in x and y-directions. Additionally, we define the middle
point on boundary lines li1; li2 and li3 as mi1;mi2 and mi3.

The area Dsi of cell i is computed by
Dsi ¼
1
2

xi1 yi1 1
xi2 yi2 1
xi3 yi3 1

�������
�������; ð2:18Þ
and the length of line segments Dlij ðj ¼ 1;2;3Þ are given by
Dli1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxi3 � xi2Þ2 þ ðyi3 � yi2Þ

2
q

; ð2:19Þ

Dli2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxi1 � xi3Þ2 þ ðyi1 � yi3Þ

2
q

; ð2:20Þ

Dli3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxi2 � xi1Þ2 þ ðyi2 � yi1Þ

2
q

: ð2:21Þ
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We define the VIA over the control volume, and the PVs at the vertexes as well as the middle points of each boundary
edges for the state variable q as depicted in Fig. 2.

The moments are then written as

� VIA :
V qi �
1

Dsi

Z
si

qðx; y; tÞds; ð2:22Þ
� PV (vertex v ij) :
Pv qij � qðv ij; tÞ ðj ¼ 1;2;3Þ; ð2:23Þ
� PV (middle point of boundary mij) :
Pmqij � qðmij; tÞ ðj ¼ 1;2;3Þ; ð2:24Þ
where si stands for the region of cell i.

We construct the two dimensional piecewise quadratic interpolation function over each cell element.
Similar to [18], we use the local area coordinate for the interpolation reconstruction. Shown in Fig. 3, the local area coor-

dinate for triangular element i can be defined through the following relationships between the original Cartesian coordinate
(x,y) and the area coordinate ðL1; L2; L3Þ.
x

y

1

0
B@

1
CA ¼

xi1 xi2 xi3

yi1 yi2 yi3

1 1 1

0
B@

1
CA

L1

L2

L3

0
B@

1
CA; ð2:25Þ

L1

L2

L3

0
B@

1
CA ¼ 1

Ji

yi2 � yi3 xi3 � xi2 xi2yi3 � xi3yi2

yi3 � yi1 xi1 � xi3 xi3yi1 � xi1yi3

yi1 � yi2 xi2 � xi1 xi1yi2 � xi2yi1

0
B@

1
CA

x

y

1

0
B@

1
CA; ð2:26Þ
Fig. 2. The definition of moments on 2D cell i.

Fig. 3. The area coordinate for cell i.
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where Ji is the transformation metric and given by
Ji ¼ 2Dsi ¼
xi1 yi1 1
xi2 yi2 1
xi3 yi3 1

�������
�������: ð2:27Þ
Consequently, the transformation of the derivatives between the two coordinate systems read
@
@x ¼

@L1
@x

@
@L1
þ @L2

@x
@
@L2
þ @L3

@x
@
@L3
;

¼ yi2�yi3
Ji

@
@L1
þ yi3�yi1

Ji

@
@L2
þ yi1�yi2

Ji

@
@L3
;

@
@y ¼

@L1
@y

@
@L1
þ @L2

@y
@
@L2
þ @L3

@y
@
@L3

¼ xi3�xi2
Ji

@
@L1
þ xi1�xi3

Ji

@
@L2
þ xi2�xi1

Ji

@
@L3
:

8>>>>><
>>>>>:

ð2:28Þ
The quadratic interpolation function over cell i is then written in the area coordinate system as follows:
QiðL1; L2; L3Þ ¼ a1L1 þ a2L2 þ a3L3 þ a4L1L2 þ a5L2L3 þ a6L3L1: ð2:29Þ
In order to determine the coefficients a1; . . . ; a6, six constrained conditions are required. Here we make use of the follow-
ing constraints: three PVs at the vertexes, one VIA over the cell and the first order derivatives dxi; dyi for x, y-directions at the
middle point of the cell element. As will be shown later, the first order derivatives dxi and dyi are not treated as a prognostic
variables, but approximated by other moments in a manner of the CIP-CSL3 scheme [38].

We summarize the constrained conditions as,
Qið1; 0;0Þ ¼ a1 ¼ Pv qi1;

Qið0;1;0Þ ¼ a2 ¼ Pv qi2;

Qið0;0;1Þ ¼ a3 ¼ Pv qi3;R
si
QiðL1; L2; L3Þds ¼ 1

3 ða1 þ a2 þ a3Þ þ 1
12 ða4 þ a5 þ a6Þ ¼ V qi;

@Qi
@x

1
3 ;

1
3 ;

1
3

� �
¼ yi2�yi3

Ji

@Qi
@L1
þ yi3�yi1

Ji

@Qi
@L2
þ yi1�yi2

Ji

@Qi
@L3
¼ dxi;

@Qi
@y

1
3 ;

1
3 ;

1
3

� �
¼ xi3�xi2

Ji

@Qi
@L1
þ xi1�xi3

Ji

@Qi
@L2
þ xi2�xi1

Ji

@Qi
@L3
¼ dyi:

8>>>>>>>>>><
>>>>>>>>>>:

ð2:30Þ
The gradients in terms of L1; L2; L3 at cell center are
@Qi

@L1

1
3
;
1
3
;
1
3

	 

¼ a1 þ

1
3
ða4 þ a6Þ;

@Qi

@L2

1
3
;
1
3
;
1
3

	 

¼ a2 þ

1
3
ða4 þ a5Þ;

@Qi

@L3

1
3
;
1
3
;
1
3

	 

¼ a3 þ

1
3
ða5 þ a6Þ:

ð2:31Þ
From 2.30, 2.27 and 2.31, the coefficients a1; . . . ; a6 are determined as follows:
a1 ¼ Pv qi1;

a2 ¼ Pv qi2;

a3 ¼ Pv qi3;

a4 ¼ 4V qi �
1
3

7Pv qi1 þ 7Pv qi2 � 2Pv qi3

� �
þ ðxi1 þ xi2 � 2xi3Þdxi þ ðyi1 þ yi2 � 2yi3Þdyi;

a5 ¼ 4V qi �
1
3
�2Pv qi1 þ 7Pv qi2 þ 7Pv qi3

� �
þ ð�2xi1 þ xi2 þ xi3Þdxi þ ð�2yi1 þ yi2 þ yi3Þdyi;

a6 ¼ 4V qi �
1
3

7Pv qi1 � 2Pv qi2 þ 7Pv qi3

� �
þ ðxi1 � 2xi2 þ xi3Þdxi þ ðyi1 � 2yi2 þ yi3Þdyi:

ð2:32Þ
The first order derivatives dxi and dyi for cell i are estimated by using the PVs ðPmqijÞ defined at the middle point of bound-
ary lines through Gauss divergence formula as
dxi ¼
1

Dsi

X3

j¼1

jDlijjðPmqnxÞij;

dyi ¼
1

Dsi

X3

j¼1

jDlijjðPmqnyÞij:
ð2:33Þ
Given the first order derivatives dxi and dyi for cell i and its three neighbors, the limiting projection to eliminate the
numerical oscillation is conducted by modifying the slope parameters dxi and dyi in x and y-directions separately in a manner
similar to the 1D case.
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Analogous to the 1D case, moments are updated by the following ordinary differential equations,

� PV :
dPqij

dt
¼ � @xF ij þ @yGij

� �
; ð2:34Þ
where Pqij denotes both Pv qij and Pmqij with j ¼ 1;2;3:
� VIA :
dV qi

dt
¼ � 1

Dsi

Z
si

@FðqÞ
@x
þ @GðqÞ

@y

	 

ds;¼ � 1

Dsi

X3

j¼1

Z
lij

F ijnxij þ Gijnyij
� �

dl: ð2:35Þ
The time integration is conducted by the third-order TVD Runge-Kutta method shown before. The point-wise formulation
for the numerical flux for PV moment in 1D (2.14) can be straightforwardly extended to 2D. At first, we evaluate the first
order derivatives of the state variable q from the piecewise interpolation reconstruction over each triangular mesh element.
Since they may be discontinuous at the vertexes v ij as well as the middle points mij of boundary lines in both x and y-direc-
tions, the ‘‘left” and ‘‘right” values in x-direction are computed by
@xq�ij ¼ @
@xQ

x� ðxij; yijÞ if x < xij:

@xqþij ¼ @
@xQ

xþ ðxij; yijÞ if x > xij;

(
ð2:36Þ
and the ‘‘lower” and ‘‘upper” values in y-direction are computed by
@yq�ij ¼ @
@yQ

y� ðxij; yijÞ if y < yij;

@yqþij ¼ @
@yQ

yþ ðxij; yijÞ if y > yij:

(
ð2:37Þ
Here, Qx� ðxij; yijÞ denotes the cell-wise interpolation function (2.29) on the cell right or left to point ðxij; yijÞ, while Qy� ðxij; yijÞ
the cell-wise interpolation function on the cell upper or lower to point ðxij; yijÞ. The derivatives of interpolation function Q in
respect to x and y in (2.36) and 2.37) are obtained in terms of the local area coordinate by (2.28).

We make use of the following LLF approximate Riemann solver to compute the numerical derivatives of fluxes @xF and
@yG
@xF ij ¼
1
2

@xF @xq�ij
� �

þ @xF @xqþij
� �

� aij @xqþij � @xq�ij
� �n o

;

@yGij ¼
1
2

@yG @yq�ij
� �

þ @yG @yqþij
� �

� bij @yqþij � @yq�ij
� �n o

;

ð2:38Þ
where @xFð@xq�ij Þ and @yGð@yq�ij Þ are the first order derivatives of flux functions computed from @xq�ij and @yq�ij :aij ¼ j@F=@qjij
and bij ¼ j@G=@qjij are the largest characteristic velocity in x and y-directions, respectively.

The numerical fluxes required for updating VIA in (2.35) is computed by using the PVs on the cell surface readily obtained
by (2.34). In the present paper a 3-point quadrature is implemented along each boundary line segment. Provided a line seg-
ment lij having its two ends located at P1 and P2 while its central point at Pm, the line integration of a function wðx; yÞ over lij is
computed by the three-point Simpson’s formula,
Z

lij

wðx; yÞdl � wðP1Þ þ wðP2Þ þ 4wðPmÞ
6

jDlijj: ð2:39Þ
3. Formulation for the shallow water equations

In this section, we describe the multi-moment finite volume formulation for the shallow water equations.

3.1. One dimensional case

The one dimensional shallow water equations with topographic source term read
@q
@t
þ @FðqÞ

@x
¼ S;

q ¼
h

M

� �
; FðqÞ ¼

M
M2

h þ 1
2 gh2

" #
; S ¼

0
�gh @z

@x

" #
;

ð3:1Þ
where q is the vector of conservative variables, F(q) the flux function vector and S the source term of bottom topography.
Furthermore, h is the water depth, u the velocity, M ¼ hu the momentum (or discharge), g the gravitational acceleration
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and z the elevation of the bottom. In addition, we define the total height H ¼ hþ z for use in the formulation dealing with
bottom topography, which will be discussed later.

The Jacobian matrix A for the flux is defined as follows:
A � @FðqÞ
@q

¼
0 1

c2 � u2 2u

� �
; ð3:2Þ
where cð¼
ffiffiffiffiffiffi
gh

p
Þ is the speed of the gravitational wave and uð¼ M=hÞ is the velocity of fluid. It is easy to find the eigenvalues

k1;2 of A and the corresponding eigenvectors r1;2 as
k1 ¼ u� c; k2 ¼ uþ c; r1 ¼
1

u� c

� �
; r2 ¼

1
uþ c

� �
: ð3:3Þ
For the static condition ðhþ z ¼ H ¼ const:; M ¼ 0Þ, it is not trivial to get the balance between the numerical flux and the
source term, known also as the ‘‘C-property” [4,40,24,41]. One needs to consider the balance in the momentum equation, i.e.
@

@x
1
2

gh2
	 


¼ �gh
@z
@x
: ð3:4Þ
If a formulation does not preserve this balance between the source term and the flux gradient at the discrete level, it may
result in spurious oscillations. As we can see from (3.10) given immediately, the PV moments computed by a point-wise
approximate Riemann solver automatically satisfy the C-property even if we use the flux functions and the source terms gi-
ven in (3.1).

When computing the VIA moments by the finite volume formulation, however, we need to recast the flux and source
terms in the following equivalent form using the total height H
FðqÞ ¼
M

M2

h þ 1
2 gH2

" #
; S ¼

0
gz @H

@x

" #
; ð3:5Þ
where the geopotential height is expressed in H rather than h. It is clear that under the static condition the source and the
flux term will cancel out, thus the C-property is satisfied.

For shallow water equations, the VIA and PV moments of q and H are defined as follows:

� VIA :
V qi �
1
Dxi

Z x
iþ1

2

x
i�1

2

qðx; tÞdx; V Hi ¼ V hi þ V zi; ð3:6Þ
� PV :
Pqiþ1
2
� qðxiþ1

2
; tÞ; PHiþ1

2
¼ Phiþ1

2
þ ziþ1

2
: ð3:7Þ
For a given topography zx ¼ @z
@x, the PV moment is updated by applying the LLF Riemann solver to the derivative of the hyper-

bolic flux function F in (3.1),
dPqiþ1
2

dt
¼ �@xF iþ1=2 þ Siþ1=2

¼ �1
2

Mþ
x

2uMþ
x � u2hþx þ c2hþx

� �
iþ1

2

þ M�
x

2uM�
x � u2h�x þ c2h�x

� �
iþ1

2

(
�aiþ1

2

hþx
Mþ

x

� �
iþ1

2

� h�x
M�

x

� �
iþ1

2

 !)

�
0

1
2 c2zxiþ1

2

� �

¼ �1
2

Mþ
x

2uMþ
x � u2hþx þ c2Hþx

� �
iþ1

2

þ M�
x

2uM�
x � u2h�x þ c2H�x

� �
iþ1

2

(
�aiþ1

2

hþx
Mþ

x

� �
iþ1

2

� h�x
M�

x

� �
iþ1

2

 !)

¼ �1
2

@xF0þ þ @xF0� � aiþ1
2
@xqþ

iþ1
2
� @xq�iþ1

2

� �n o
: ð3:8Þ
In above rearrangement, we have used the fact that the PVs of the physical variables at cell boundary xiþ1
2

is continuous. Their
gradients @xq�xiþ1=2 ¼ ½h

�
xiþ1=2;M

�
xiþ1=2�

T and H�xiþ1=2 ¼ h�xiþ1=2 þ zxiþ1
2
, on the other hand, are obtained from the interpolation func-

tions in the neighboring cells by (2.13). Here, the largest characteristic velocity aiþ1
2

is computed by
aiþ1
2
¼maxðjk1

iþ1
2
j; jk2

iþ1
2
jÞ ¼ juiþ1

2
j þ ciþ1

2
: ð3:9Þ
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In practice, the effective flux functions in the presence of the topographic effect, @xF0 in (3.8), are computed by,
@xF0� ¼
M�

x

2uM�
x � u2h�x þ c2H�x

" #
: ð3:10Þ
It is obvious that @xF0 vanishes under the static condition ðMx ¼ 0; Hx ¼ 0; u ¼ 0Þ, thus the numerical formulation satisfies
the C-property.

VIA is computed by the following flux-form equations with the flux functions and source terms given by (3.5),
dV qi

dt
¼ � 1

Dxi
F iþ1

2
� F i�1

2

� �
þ 1

Dxi

Z xiþ1=2

xi�1=2

Sdx: ð3:11Þ
The numerical flux F is directly estimated by the PVs defined at cell boundaries, and the integration of the topographic
source term gzð@HÞ=ð@xÞ is computed by a three-point Simpson’s quadrature formula.

As discussed previously, we make use of the flux and topographic source term given by (3.5) to ensure the C-property in
(3.11). It is obvious that the reconstruction function satisfies @H

@x ¼ 0 everywhere in the static case.

3.2. Two dimensional case

The two dimensional shallow water equations can be written as follows:
@q
@t
þ @FðqÞ

@x
þ @GðqÞ

@y
¼ S; ð3:12Þ

q ¼
h

M

N

2
64

3
75; FðqÞ ¼

M
M2

h þ 1
2 gh2

MN
h

2
664

3
775; GðqÞ ¼

N
MN

h

N2

h þ 1
2 gh2

2
664

3
775; ð3:13Þ
where M ¼ hu; N ¼ hv are the x and y components of momentum, respectively. The topographic source terms read
S ¼
0

�gh @z
@x

�gh @z
@y

2
64

3
75: ð3:14Þ
The Jacobian matrices are written as follows:
A � @FðqÞ
@q

¼
0 1 0

c2 � u2 2u 0
�uv v u

2
64

3
75; B � @GðqÞ

@q
¼

0 0 1
�uv v u

c2 � v2 0 2v

2
64

3
75: ð3:15Þ
The eigenvalue k1;2;3 of A and the corresponding eigenvector r1;2;3 read,
k1 ¼ u� c; k2 ¼ u; k3 ¼ uþ c; ð3:16Þ

r1 ¼
1

u� c

v

2
64

3
75; r2 ¼

0
0
1

2
64

3
75; r3 ¼

1
uþ c

v

2
64

3
75; ð3:17Þ
while the eigenvalue k1;2;3 of B and the corresponding eigenvector r1;2;3 read,
k1 ¼ v � c; k2 ¼ v ; k3 ¼ v þ c; ð3:18Þ

r1 ¼
1
u

v � c

2
64

3
75; r2 ¼

0
1
0

2
64

3
75; r3 ¼

1
u

v þ c

2
64

3
75: ð3:19Þ
In analog to the 1D case, PVs are computed by the following evolution equations
dPqij

dt
¼ � @xF ij þ @yGij

� �
þ Sij: ð3:20Þ
The hyperbolic part of the numerical fluxes are computed by the approximate LLF Riemann solver. After the manipulations
similar to 1D, we have
dPqij

dt
¼ �1

2
@xF0� þ @xF0þ � aij @xqþij � @xq�ij

� �n o
� 1

2
@yG0� þ @yG0þ � bij @yqþij � @yq�ij

� �n o
; ð3:21Þ
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where a and b stand for the largest eigenvalues of A and B, respectively, and
@xF0� ¼
M�

x

2uM�
x � u2h�x þ c2H�x

�uvh�x þ vM�
x þ uN�x

2
64

3
75;

@yG0� ¼
N�y

�uvh�y þ vM�
y þ uN�y

2vN�y � v2h�y þ c2H�y

2
664

3
775:

ð3:22Þ
VIA is updated by a finite volume formulation. Again, similar to (3.5), we re-write the numerical flux and the topographic
source terms in the total height of the water surface H ¼ hþ z as,
FðqÞ ¼
M

M2

h þ 1
2 gH2

MN
h

2
64

3
75; GðqÞ ¼

N
MN

h

N2

h þ 1
2 gH2

2
64

3
75 and S ¼

0
gz @H

@x

gz @H
@y

2
64

3
75: ð3:23Þ
The finite volume formulation to update the VIA moment reads
dV qi

dt
¼ � 1

Dsi

X3

j¼1

Z
lij

F ijnxij þ Gijnyij
� �

dlþ 1
Dsi

Z
si

Sds; ð3:24Þ
where a three-point Simpson’s formula (2.39) is used to compute the line integration of the flux functions over each bound-
ary segment, and area integration of source term is calculated by a seven-point integration formula using the six point values
along the cell boundary (i.e. three at the triangle vertices and three at the middle points of the three line segments) and one
at the cell center. It is obvious that with (3.23) expressing the flux functions and the source terms in the total height H, finite
volume formulation (3.24) satisfies the C-property.

4. Numerical results

In this section, we present the numerical results of some typical test problems for the one and two dimensional shallow
water equations. Without further explanation, we use the SI unit system for all variables. The gravity constant is 9:8 m=s2.

4.1. One dimensional numerical tests

4.1.1. Dam-break flow
In the first numerical test, dam-break is solved in a domain of [0,200]. The mesh number is 200 with uniform spacing

Dx ¼ 1. The initial conditions are
h0ðxÞ ¼
hL 0:0 6 x 6 100:0;
hR 100:0 < x 6 200:0;

�
M0ðxÞ ¼ 0:0:

ð4:1Þ
Two ratios of the initial water depths are separately specified as hL=hR ¼ 10 (mild shock) and hL=hR ¼ 100 (strong shock). In
both cases, a right-moving shock wave and a left-expanding rarefaction fan are generated after the instantaneous collapse of
the dam. The exact solution is available in [30]. From numerical experiments, we find that the maximum CFL number
ððjuj þ cÞDt=DxÞ allowable for computational stability is around 0.41. We used a CFL number of 0.1 in this test, and computed
the numerical solutions until t ¼ 20:0.

The simulated water depth h and the velocity u are depicted against the exact solutions in Figs. 4 and 5. Both the shock
wave and the rarefaction wave are accurately resolved. The conservation of the VIA quantities guarantees the correct loca-
tion of the shock wave. The CIP-CSL3 reconstruction with the slope parameter given by (2.7) eliminates the spurious oscil-
lation and the numerical diffusion is also effectively controlled.

4.1.2. Symmetrical rarefaction waves
As given in [30], a symmetrically diverging velocity creates two strong rarefaction waves traveling in opposite directions.
The initial condition is given by
h0ðxÞ ¼ 1:0;

M0ðxÞ ¼
�5:0 0:0 6 x 6 25:0;
5:0 25:0 < x 6 50:0:

� ð4:2Þ
The mesh number is 200 and the CFL number is 0.1. As commentated in [30], this test results in a very thin water layer in
the domain center that may cause a negative height in the numerical outputs of some schemes. The numerical solutions of
the water depth h, and the velocity u at t ¼ 2:5 are plotted in Fig. 6. The thin wet bed is accurately captured.
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Fig. 4. Numerical results (mild shock) of water depth (a) and velocity (b) at t ¼ 20:0 by the present method (circles) and the exact solution (solid line).
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Fig. 5. Same as Fig. 4, but for the strong shock case.
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Fig. 6. Numerical results of water depth (a) and velocity (b) at t ¼ 2:5 by the present method (circles) and the exact solution (solid line).
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4.1.3. Evaluation of the exact C-property
The purpose of this test [40,41] is to verify the exact C-property of the formulation over a non-flat bottom. In this paper,

we computed with two different profiles of the bottom topography separately given by
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L1 error
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zðxÞ ¼ 5:0 exp �2
5
ðx� 5:0Þ2

	 

; ð4:3Þ
and
zðxÞ ¼
4:0 if 4:0 6 x 6 8:0;
0:0 otherwise:

�
ð4:4Þ
It is clear that (4.3) gives a smooth bottom and (4.4) a discontinuous one. The initial conditions are specified as a stationary
state,
H0ðxÞ ¼ h0ðxÞ þ zðxÞ ¼ 10:0; M0ðxÞ ¼ 0:0; ð4:5Þ
which should be exactly maintained physically.
We used a mesh of 200 cells and computed the solutions until t ¼ 0:5 with the CFL number of 0.1. The L1 errors for the

water height h and the discharge M ¼ hu are given in Table 1 for the two bottom profiles. It is observed that the L1 errors in
both PV and VIA moments are of a magnitude within the round-off error, which manifests the exact C-property of the pro-
posed numerical method.

4.1.4. Perturbation of a lake at rest
The purpose of this example is to test the present formulation for source term in the case of a small perturbation of a lake

at rest with variable bottom topography. The bottom topography is given by
zðxÞ ¼
0:25ð1:0þ cosð10:0pðx� 0:5ÞÞÞ if 1:4 6 x 6 1:6;
0:0 otherwise;

�
ð4:6Þ
over the computational domain [0,2]. The initial conditions are
H0ðxÞ ¼
1:0þ DH if 1:1 6 x 6 1:2;
1:0 otherwise;

�
M0ðxÞ ¼ 0:0:

ð4:7Þ
where DH is a non-zero perturbation constant. Two cases with the initial perturbations respectively being DH ¼ 0:2 (big
pulse) and DH ¼ 0:001 (small pulse) have been examined. The solutions at t ¼ 0:2